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1D Advection/diffusion equation!
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Steady state solution to the advection/diffusion equation!

If 12§
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Exact solution!
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exqR)! 1 D
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Numerical solution of:!

Centered difference approximation!
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Upwind!
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Centered difference approximation!

ot fin ol 26+

2h h2
Rearrange:!
Uh?
2hD(fi+1! fj!l): fial 26+ 1,
Rearrange:!

(R! 2)f,, +4f ! (R+2)f,,=0

Where:!! R= U—h
D
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(R! 2)fj+1 +4fj ! (R+2)fi!1 =0
Solution! v
f=¢d
Substitute:!

(R! 2)g™*+4g ! (R+2)d'*=0

Divide by 14’ *

(R! 2) +4q'! (R+2)=0
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(R! 2)f +4q'! (R+2)=0

Solving for  gives two solutions:!

_2+R
& =1 and %=57R
The general solution is:!
f, = C1q: + Czsz
or! ;
" 2 + R$J

b =G G %
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Apply the boundary conditions!

"2+Rg’
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Exact solution!

exgR x/L)! 1 uL
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Centered differences!
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When centered differencing is used for the
advection/diffusion equation, oscillations may

. L L N S B
appear when the Cell Reynolds number is —+U—+V-—= D$—2 +t—'
higher than 2. For upwinding, no oscillations t Ix ly #Ixe ly* g

appear. In most cases the oscillations are
small and the cell Reynolds number is

frequently allowed to be higher than 2 with =0
relatively minor effects on the result.! Compuitations
=1 using centered
R= Uih <2 differences on a
D 32 by 32 grid!
=0
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Centered!
Mo o Foe Bl * 8% e
Ix i 12h
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Higher order Pnite difference approximations!

The simplest approach is to use more points:!

f(x-2h) fx-h) f(x) focrh) f(x+2h) |

' ' h', hi
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Compact schemes!
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Solution of the vorticity-streamfunction equations!

I I " ! " &] 2u ]2
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I'x

Ix?

Use Ocompact schemesO to bnd Oth
approximations for the spatial derivatives!
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The vorticity-streamfunction equations at grid point i,j are!
#Iu I) & #,u R I) & #Iu
ff( -é{gﬁ f‘f( g’r( ﬂ{f(
##,z.,& #!2.,&8
+0, ]
el éfr_xz(”g ©)!
#Ho& #H&

é@i( +W( =) (6)!

To bnd the time derivative, we need!

i n " " n

!
Ty T gyt X1yl oxxyy
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By a Taylor series expansion the following forth order
relations between the values of f and the derivatives of
f can be derived!

(L) #4ED, (8, = 2 (! o) ay

(6),u* 40D+ (1) = ot ) @

12
(fo)HLJ +quxx)” +(f><><)|!j,| =F(fl+m Zf + fl'LJ) (3)!

(fW).,,ﬂJ'lo(fW)‘,,+(fW).,,!1=%(fll+l 2f;; +f'1'1) @)
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1. Given the vorticity, #, we solve tridiagonal
equations (1-4) for! ’

g1 wo!
2. For " use (3) and (4) plus the elliptic equation
for the streamfunction (6) for! ! Xx,-’ yyr-

3. Then use 1 and 2 for (tridiagonal systems)!! ,,!

4. Everything on the right hand side of (5) is now
known to O(h*) accuracy and !

I
It
can be found!
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The main advantage of compact schemes
is that it is somewhat easier to implement
boundary conditions than for high order
schemes that use a broad stencil !
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s=5/2!

s=1! TR e St
f,! f,! f,! f,!

Linear interpolation:!
1-2: (R 9)fy+(s! D,
2-3: (81 9f,+(s! 2)f;
Quadratic interpolation:!
1-3: Add the above:!
0.5(3! 9[(2! 9)fy +(s! 1)f,] +0.5s! D[(3! 9f,+(s! fy

Ats =5/2!
foro = (L/8)[3F, +6f,! f]
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s=5/2! Use to solve!
S s=2l ' si3l sta LY S
fy! f,! A f,! It 2Ix Ix?

Ats = 5/2!
f50 = (1/8)[3f5+6f, ! fi]
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Essentially Non-
Oscillating Scheme!
ENQ
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Essentially Non-Oscillating (ENO) scheme of Shu and Osher !
fj! 2 f

j+u2

1. Construct left and right slopes
by connecting the average
values in adjacent cells!

2. Select the downstream Rux by u>o!
using the smaller slope!

A L A E AR L

b frgamin(1e ), i 2(u +u,)>0
fj+1/2_

%)fj " tamin(1f5,06,), if 2(u;+u,)<0
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Second order ENO scheme for the linear advection equation!

: <|b|
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Second order ENO scheme for the linear advection equation!

If If
. =0 .
It I'x
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Conservation of
Kinetic energy
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Conservation of kinetic energy on a centered
regular mesh!

If If 1
Consider:! —+ f-—=0 Debne:l Ey, == | f%dx
It I'x 2

Multiply by f and integrate!

(y 't f2 ff?x 0

Therefore:!
d,1 " 1# The kinetic
| =f2dx="1= dx 0 energy is
dt* 2
conserved!
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Consider two different discretizations of the
nonlinear term!

I .
Lo A ()2

It

and!

If_, 1182 2

o 2" (f'” fis)/2n

Both conserve f!

Is f2 conserved?!
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Check conservation:!

First scheme:!

d,1 . h$#2 | "
a2 T g, T 2 TR
:E +%f“1(f12! sz!z) 2f (f12+1 fj2!1)+E "0

Second scheme:!

d e o S A .
1S k= gt = {£2(fra” £}

=E 15, (f1 )+ 17(fu! f)+E "0




WPI Computational Fluid Dynamics I!

Combine both schemes"
o (1# $) (

7&$ fi ( |+1 ml)#

(
It 2h f|+1# fm)l

Write out the terms for the kinetic energy!

uf

—

SRV FA fJ.‘2)+( !

2

PA(f Lt ) (1"2")f(ff+1"f )*+..=0

Fra(F7" 72)+

& 1$9 )
Tax#s, K (,ﬂ$fm)ss%fj(f;ﬂssfj;l):
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1!
ff..lf,.z)+( 5 )fj..lfj" foffs)+

)" e )(f F2,|f, 1

+E =0

P Fhat |6 f
- ¥ "120 — _1
2
— Tft " #Gh{ fi(fa# ) # (flﬂ# flﬂ)}
=t L ()

Conserves both f and 2!

The same idea is used in Arakawa$s scheme
(JCP 119, 1966)!

Consider the vorticity advection equation!
o

—+u#" =0

It

Rewrite the nonlinear terms to introduce the Jacobian!
0 0, 0, 0
ul" #= $ﬁ§@ 08 %6 _ J(&#)
%k Y
giving!
I

It

+J(#,")=0
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The Jacobian can be written in several ways!
|4 /
)= #O# A H
;%( #y #y ™
0, " "
_#%# ($ B
#X& #) HE& #)
#RA (o # #% # (
THE A) A& #V)

since! ,
N N A

Ix% Iy( Ixly Ixly

and so on!
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we also have!
Jm)=#3(" )
since!
)=ﬂ#" # 7 $°/¢f” #H A (

A" WO &K #y#x)

Discretization of the different forms of
the Jacobian give schemes with slightly
different conservation properties !
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Discretization!

= W{(" o) )
) #e)

=l o ) # (o )

#1 i,j+1( i+l,j+1# i#lﬁl)#'l i,j#l( i+l,j#1# i#],j#l)}

Ji?j :47][-]2{! " i+1,j(#i+l,j+l! #i+J.,jJ1)+“ i!Lj(#i!Lj+l! #i!l,jll)

+ i,j+1(#i+Lj+1! #i!Lj+1)! i,j!l(#i+Lj!1! #i!ljll)}
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Arakawa showed that!
J -1 Fo+J32+33
i 3( i i w)

Conserves both the vorticity and the kinetic energy!

Arakawa also presented a fourth order scheme with
the same properties!

Higher ordet
in time for the vorticity-
streamfunction
formulation!
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Due to the relatively straightforward coupling
between the elliptic equation for the
streamfunction and the vorticity advection-
diffusion equation, the algorithms discussed
already can be used with ease.!

Leapfrog!
L g g
24t b )
Adams-Bashford/Crank-Nicholson!
! i'jjﬂu ! ir:lj —n E(an " Jn'_'l)+§(0/qi! "Ly o) _n_)
#t PANERL 2 b b
Predictor-corrector!
[
L T - 2
T- Jirjj + 3% ir,‘j
Jome g 1 $
T T o—m i 2 2=
—wm E(‘Ji'jj +J?,j)+5(°/%-’ i +0/q1','i,j)
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Runge Kutta methods: take intermidiate steps!
2nd order Runge-Kutta!

| 2nn — n

S W ) Half step!
g +E(#JLi + 94! 7))

LN

2= _
Ly ‘i —#$'|.j
Final step!

Bi=t "'"t(#ji,j +$’/92‘-'+i.j)

ij

4th order Runge-Kutta method!
2n —
Lh i',]j _#$in,j
"t First half step!
n+l/2 _ y n n 21 n
B _!ivj+—2(#Ji,j+$0/q1!i‘j)

| 2mnl/2 n+1/2
S hoig #$-ij

. "t Second half step!
,-_n+ll2 —yn +1/2 2.n+l/2
(NN _!i,j+?(#‘1i,j +$)/q1‘l'i,j )

1 2:1::_n_+1/2 — N2 .
T hoij #$li Predicted

Lndl g n 4 n h+1/2 2 pn+1/2 Pnal value!
"'i,j =! i ¥ 1:(#jit,]j +$)/%-"_i,j )
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4th order Runge-Kutta method (continued)!
2mn+l _ +1
L =y

LI g (B w2 2T

+SAL T+ 28U + 290G B + ST

corrected
bnal value!

T~

‘ t+1t/2  t+lt

Generating higher order methods for the
Navier-Stokes equations in the corticity/
streamfunction form is relatively straight
forward and any method developed for the
advection diffusion equation can be used
without much difbculty!




