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Elliptic equations often arise due to the application of
conservation principles to quantities whose Ruxes are
proportional to their gradient!

! #f
—F="S is gi 1F=1"—
x where the RBux is given by!

It

!

ivesl —» -1
gives! T

In 2 or 3 dimension:! If the transport

coefbcient is constant:!
| "F=#S R
1 "$l f=8S
S =g
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One-Dimensional Boundary Value Problems!

P If
—a—+b—+cf=s
Ix Ix Ix

If f ai If f g
Eor given Ror given

‘ | periodic!

Notice that if f is not given on the boundary, f is not
uniquely determined!
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Two-Dimensional!

1? 12 Laplace"s Equation!
%‘*‘%:O; w2 = p q
Ixe ly
qu qu ,
v"’vz S, !°f=S Poisson"s Equation!
IS Y |

al+lplag vagr=s

Ix“Ix ly 1y

f=1,(xy) Dirichlet!
On the

boundaries (BC) " =0g,(%Y)

Neumann!
I'n

WPI Computational Fluid Dynamics 1!

Three-Dimensional!

12f12f 1% f 0
—t—+—= " I
I !yz 17 Laplace"s Equation!

(R BVES BT
% + !yz'+—!22 =S Poisson"s Equation!

[ T A |
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Examples of Elliptic Equations!

" AT = % Steady conduction equation!

$2 =#l 2-D stream function equation!
w2 1. . -
nB; =—"n!u;;  Projection method!
d T .
(Step 2)!
ul" FH#" 2f =0 Steady state !
f / advection/diffusion!
1 4f=0 Biharmonic equation!
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One-Dimensional
Boundary Value Problems
NDirect Methodd
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One-Dimensional Boundary Value Problems!

! 12
UiﬂD;é:o
I'x I'x
U fi+1! fi!ll D fi+1! 2fi+ fi!1:0
2h h?
R fo ! f, ) (f,!2f+f  )=0
E( i+t i!1)' ( i+t i i!l)_ R—Uh
L1 s 118 D
+-R&f,," 2f +#' ZR&f,, =0
e SR 2f il DR

a.fy,! df; +c ,f ., =b,
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One-Dimensional Boundary Value Problems!

af,,! df +cf,, =b

jr1e j i+l j
Write out!
df,+cf, =b
a'zf1+d2f2+czf3 :bZ

!
Az + Ay fas + S fy =B
ay fu +dy fy=hy

If the endpoints b, =! a, f,

are given! -1
bN - CNfN+1
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One-Dimensional Boundary Value Problems!

% solving a tridiagonal system

nx=50;r=0.1;
a=zeros(nx,1)+(1+r);d=zeros(nx,1)-2;c=zeros(nx,1)+(1-r);
b=zeros(nx,1); x=zeros(nx,1); b(nx)=-(1-r);

% forward elimination

for j=2:nx
d())=d())-(a@)/d(j-1))*c(-1);
b(j)=b())-(a()/d(j-1))*b(-1);
X(1)=b(i)/d();

end

% backward substitution
for j=nx-1:-1:1
xd'):(b(j)-c(j)*x(j+1))ld(j);

en

plot(x)
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One-Dimensional Boundary Value Problems!

Matlab functions!

For simple problems MATLAB
has a number of functions to
deal with matrices.!

Help matfun: general!

Help sparfun:sparse matrices!
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Elementary Iterative
Methodd
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Solving the Poisson equation! j+ 1t /(X y)
12f 1 it
T ly? 1
-1 0 i+l

Applying central differencing!
fi+1,j " 2fi,j + fi"l,j + fi,j+1 ! 2fi,j + fi,j"l - .
G ly? K
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7 ——— — lterative Method!

Discretized Poisson Equation!

fgy + fuag * Fija* fipa! 45, =h’S
Rearranging for !fi,j

1
f\,] :Z[fnu+f|!1.|+f|‘|+1+f|‘1!1! hZS,,]
fn+1:1[fn + 0 N+ f0 |hzs] J bil
i 4 i+ i, ij+ ijr1c i aconi !
a_1 + + .
foe =Z[f‘3“ SR TR AR Y hZS',] Gauss-Seidel !

i

!
ff;l:-z[flih LRIl A A hZS’J] +(1"/)f SOR!
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The Jacobi iteration can be improved somewhat by
using new values as soon as they become available.!

j+1t for j=1:m!

it for i=1:n!

’ iterate!
j-l. end!
BYRNTET end!

n+l _ l n n
=g (R + 5+ 1+ £ 0°S)

From a programming point of view, Gauss-Seidler
iteration is even simpler than Jacobi iteration since only
one vector with f values is needed.!
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The Gauss-Seidler iteration can be accelerated even
further by various acceleration techniques. The
simplest one is the Successive Over-Relaxation (SOR)
iteration!

filnj+1 zcg(f‘n + f‘n+1 + fn + f.n+l n hZSnJ)

i+1,] i"Lj i+l i1

The SOR iteration is very simple to program, just as the
Gauss-Seidler iteration. The user must select the
coefbcient. It must be bounded by 1<#<2.#=1.5 is
usually a good starting value.!
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The iteration must be carried out until the solution is
sufpciently accurate. To measure the error, dePne the
residual:!

fi!lj + fi,j!1+ fi,j+1! 4fi,j | S
hz ° )]

At steady-state the residual should be zero. The point-
wise residual or the average absolute residual can be
used, depending on the problem. Often, simpler criteria,
such as the change from one iteration to the next is
used!

g +
R, =]
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WPI Computational Fluid Dynamics !
Boundary Value Problems!

Iteration versus time
integration

Jacobi as a time integration!
The solution of: !
12f 12§ -0

AT
can be thought of as the steady-state solution of !
S A i
= +

2

Xy

Using the discretization derived earlier: !

n+1 n n n n n n
fi.j ! fi.j - fi+].i + fi!]..j + fi‘j!1 f||+1| 4f

"t h?
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Boundary Value Problems!
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or!

filni+1_fn fn +fn

#hzo iv1j T Tiga f.r}m+fi,?+1&4fir‘i)

Rearrange:!

n+l tO/ n # tO n n n n
f $J-| 4h2&q:|1 $h2 f|+L| +fl'lJ fli!1+fi.j+1)

!
Select the maximum time step:! h—zt =%
+1

n+l _ n n n n
= 2 (0 1+ 100 1)

i

Which is exactly the Jacobi iteration!

Exampléd
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WPI Computational Fluid Dynamics !

12 12

i.{.if:o

1x? 1y?
T=1.0!

% two-dimensional steady-state problem by SOR!
n=40;m=40;nstep=5000;alpha=0.05;length=2.0;h=length/(n-1);!
T=zeros(n,m);bb=1.7;!

T(10:0-10.1)=1.0: !

for I=1:nstep,!
for -1, for j=2:m-1!

(T
T(| ]+1)+T(| -1,0)+T (.- 1))+(l 0-bb)*T(i,j);!

end;!

contour(T);!
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Average absolute error: 0.001!
INumber of iterations!

Jacobi: 1 1989!

Gauss-Seidler: 986!

SOR (1.5): | 320!
SOR (1.7): | 162!
SOR (1.9): ! ol

SOR (1.95): 202!
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Note on Boundary
Conditiond
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Boundary Conditions for Iterative Method!

Dirichlet conditions are easily implemented.!

For Neumann condition, the simplest approach is !

# "
i =0 fio! f,=0 (1storder)!

Update interior points f;1. ;2. fi5,!  and then set! fio = fi;
This generally does not converge.!

Instead, incorporate BC directly into the equations!

1 ~ lia
fl,l:Z[fI!Ll-'— f|+u+ f\‘z+ fu‘o! hZS,,]

f= 2 fuat fat fa! 1S,
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With only a few exceptions, Iterative Methods
are used to solve systems of equations
resulting from the discretization of elliptic
equations or implicit methods in CFD!
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Convergence of
lterative Methodd
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~———— Convergence!

A One Dimensional Example!
An equation in the form!
x=F(x)
can be solved by iterative procedure:!
Xn+1 = F(Xn)

for which convergence is achieved when !
Xn+1

vl
X"

When does the iteration converge?!

X" X" o

Computational Fluid Dynamics I!
Convergence!

dF
_—>
dx

n+l

The above bgure suggests that!
dF

I'1 for convergence!
dx 9
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72— Convergence!

A One Dimensional Example!

For the linear equation!
Xn+1 = aXn

We must have:!
ld!1

for convergence!




WPI Computational Fluid Dynamics I!

Convergence!
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Convergence!

For multidimensional problems we have:!
/+1 MX

For symmetric M it can be shown that its
eigenvectors form a complete and orthogonal
set and span the space of x. It is therefore
possible to write: !
X=YV, YV, + = ' YV
i
where!

Mv,=/v, j=IEM"N

Hence it is possible to write !
V+1 MX
as!
]+ !+ — ) !
YUV Y, L =My v, +L )
= yi’ Mv, + yéMv2+!
—— o
=Y VLY, TV, !
or!

rz+1 = Ay Which are the same as for the
! 1-D example. Therefore:!

nz+1 Z’zYz ‘!max " q

for convergence!
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More Formal
Discussion of
Iterative Methodd

frx="y=ht f,+f,+f.+6;,!4f; =h251.,-

41 00" 10" i 3V S

. " " W ! ! !

1 '4 1 0 01 19 f S, |

0 1 '41" " 0 1° 181! v

! 1$ o So
1

! : for | —h? S, :

10 185, ! Sz‘z !

| I |

0 1 i ! | i

0 0 1 1$1 1 1

! ! !

1$foal ST

0 1 4, L §S,t

Sparse matrix: only 5 non-zero entries in each row!
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A few depnitions:!

;#a 00 02 0 a b c$
# &
#p b 0 Og _#p 0 d eg
(o] = co Up oo e M
#o 00 & fooo of
Diagonal! Upper
gonar triangular!

=

10 0 0 of
oo o
Hh c 0 08
i‘ikd e f Oé
Lower!

triangular!

Ultimately, the difference form of the Poisson equation!
boils down to solving for!

[Af =b

Hence,!

f=[A]'b

Direct method:!
- Solving inverse matrix directly (Cramer"s rule)!
- Inverting matrix more cleverly (Gaussian elimination)!
- Other (L-U decomposition, Thomas algorithm)!
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Gaussian Elimination!
-$ivoting: rearranging equations to put the largest!
coefbcient on the main diagonal.!
-Eliminate the column below main diagonal.!
-Repeat until the last equation is reached.!
-Back-substitution!

a,f,+a,f,+! | =c a,f,+a,f,+ " =g
afi+a,f,+1 1 =c, | | aLf,+" " =g,
" " . H !

ayfita,f,+! | =c, al f,=c,

-$pecial case: tri-diagonal matrix - Thomas algorithm!

WP Computational Fluid Dynamics I!
Convergence B Multi Dimensional -1!

General iterative procedure!
[Alf=b
Lett [Al=[A]-[A]
[Alf =[A]f+b
An iterative scheme is constructed as!
[A]f™=[A]f"+b
For example, !
[Al=[o]=! ;1] [A]=[8]=[A]! [0] Jacobi
[A]=[D]! [L]. [A]=[Y] Gauss-Seidel !

WP Computational Fluid Dynamics I!
Z————  Convergence b Multi Dimensional -2!

[Ai]fn-*l = [A2]fn +b
Requirements:!

1.$[A] should be invertible.!

2.$ Iteration should converge, i.e.!
limf" =f
nt "

Debne error at n-th iteration:! " =f 1 f"

[Ale" =[A]e"
— (Al A)
—  e=(Alal)e
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Convergence B Multi Dimensional -3!

Condition for convergence!
lime"=0
. . . n
which requires! !‘|!rr.]([Ai]“1[A2]) =0

This is achieved if the modulus of the eigenvalues are !
less than unity.!

Therefore, the convergence condition becomes:!
#= 11
ax

Spectral radius of convergence!

im:

"

!\ Eigenvalues of matrix[A] '[A,]
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Convergence B Jacobi Method -1!

Jacobi Iteration Method for Poisson Equation!
!(2nd order central difference with uniform mesh)!

n_dpen n n n
f\,j 1_Z[fi+1j + fi!lj + fi,1+1+ fuu-l th..]
1
(Al =[1]
and using a discrete analog of separation of variables, !
it can be shown that the eigenvalues of [A,] are!

:1' m( n($ =11 1 =11 1
) 2%OSV+COSW#’m 1! M!1 n=1! N!'1

Therefore, |",/! 1 and the Jacobi method converges.!
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Convergence B Jacobi Method -2!

For a large matrix!

_1& ) ) # i |
ST Eg’posﬁ + CO%N!' largest eigenvalues for!
70 m=1n=1
2 2
(v 100 Fa

agm? N

Thus, for a large matrix, ‘Imr\max‘ is only slightly less!

than unity.!

I Very slow convergence!




WPI Computational Fluid Dynamics I!

Convergence B Gauss-Seidel -1!
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Convergence B Gauss-Seidel -2!

Gauss-Seidel Iteration Method for Poisson Equation!
!(2nd order central difference with uniform mesh)!

wasLren L pmey g0 Lo
fu_l_z[f. +R R S ]

i+1,] 1L B ihjr1s

[A]=[D]! [L]. [A]=[V]

"4 0 0 0! O%;"%'0 100! Hii% "S§,9

ﬁl 4 00! o.if;;l- 2) 010! Ogfy ¢S,

go 114 0! o:%--::§)001! qg"'lhzﬁ"'

0 0 !1 4 ogn.g ot "3 pS

S B M. B 0 "$r '

for v ot agrebooor e B
Al! A2|

It can be shown that the eigenvalues of matrix![A] [A,]
are simply square of the eigenvalues of Jacobi method !

18 " K
LT SAIE
A M Nt

Thus, Gauss-Seidel method is twice as fast as the !
Jacobi method.!
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Successive Overrelaxation - 1!
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Successive Overrelaxation - 2!

Successive Overrelaxation!
Consider the Gauss-Seidel method!
(o] L)) = (Ui +b
If Gauss-Seidel is an attempt to change the solution as!
fn+1 :fn + d
Accelerate the change by introducing a parameter!

" =f"+1d,! >1

Hence, SOR Prst uses Gauss-Seidel to compute !
intermediate solution, 'f

([D]! [L])F=[U]f"+b on [D]f=[L]F+[U]f"+b
Then accelerate the next iteration solution !
=t ()= b (1 )
Combining the two steps !

o =%([L]f+[u]f”+b)+(1" e
since ![D] =c[l]
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Successive Overrelaxation - 3!
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Successive Overrelaxation - 4!

Example: Poisson Equation (2" order CD, uniform mesh) !

f . +f +f .1 4f , =h’g |

i + f

i+ i+l

G-S!
[D]f=[L]F+[U]f"+b
n+l 1 n+ n+: n n
fi,j ! _Z[fi!],:} + fi,j!l1+ fi+],j + fi,j+1! th,j]
Combining! ,
f"”:'E([L]f‘+[U]f"+b)+(1" Hye

finet =§[f."” + 0+ £+ 6L, - S |+ (- B) £

i-1j ij-1 i+1,j

Convergence of SOR!
From! [D]f=[L]f+[U]f"+b
=g (F 1)
Eliminating f and solving for ff ™
[M]SOR
A2 .
e =([i1 +10) 1) et i+ (o) (o
+(0 [0]u) (o] '

Convergence depends on the eigenvalues of! [l\/l]soR
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Z———— Successive Overrelaxation - 5!

For the discretized Poission operator, it can be shown that
that eigenvalues of the SOR matrix are:!

’2:%[!" RERZEs
where ! is an eigenvalue of the Jacobi matrix !
[M], =[0]"([L]+[V])
Notethat p =!? if ! =1 (Gauss-Seidel)!

Minimum M occurs at!

2 Typically!
"o T —— "o ! L7~19
+1#!
1 1# ™ “max‘ ! 1
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Successive Overrelaxation - 6!

For problems with irregular geometry and non-uniform !
mesh, -’opt must be found by trial and error.!

Typical Comparison Chart !

(. (Hmax) Iterations
Jacobi! 0.9943 1250
Gauss-Seidel! 0.9890 623
SOR! 0.7908 29

Ferziger, J. H., Numerical Method for Engineering Application (1981)!
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SOR on vector computers!
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SOR on Vector
Computers!

WPI Computational Fluid Dynamics 1!
Coloring Scheme (Red & Black)!

In large computer application (vector or parallel platform),!
SOR faces difpculties in using constantly updated values. !
Remedy: Two separate grid system (red & black)!

doi=1, nx, 2!

!
fi,j =Z[fi"1j + fi,j"1+ fiﬂ,j + fi,j+1

rh’s |+ @ )
enddo!
doi=2, nx, 2!
!
fi.j :Z[fi"lj + fi,j"1+ fi+1j + fi,j+1
enddo! !hZS‘J]Jr(l! ")
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Successive Line Overrelaxation (SLOR) - 1!

Line Relaxation Method (Line Gauss-Seidel Method)!

Old!
n+l n+l n+1 n n 2
i f[fm+f. R Rt S ]
New! New! Old!

Adding one more coupling ! New!

i+1j ij+Lc

fiyt=2 [f”";i SR R AN o

1
_7fn+1+fi,”/+1_z ,iflj 7[f1”+1+f'1+1 h S:.j] New! New! New!

) New!
! Thomas algorithm !
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~————— Successive Line Overrelaxation (SLOR) - 2!

SLOR = Line Relaxation + Overrelaxation!

Apply line relaxation for intermediate solution!
1. .
! Z ﬁ!].j + ﬁ]

I{LJ - [flnﬁll ||+1 S]]
and then overrelax !
fit =06+ @ 8]

which is no more complicated than line relaxation. !
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Successive Line Overrelaxation (SLOR) - 3!

Notes on SLOR!

-$Exact eigenvalues are unknown.!

-§o ensure convergence, " ! 2

-$Converges approximately twice as fast as Gauss-Seidel.!

-$May be faster than pointwise SOR, but each iteration!
takes longer with Thomas algorithm.!

-$mproved convergence is due to the direct effect of the!
boundary condition in each row.!
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~———— Alternating-Direction Implicit - 1!
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Alternating-Direction Implicit - 2!

ADIforl 7705 = 48, f +8 f]!' S
is written as!

FrHzy gn :E[(flzlﬂlul 2fn+1/2+ fn+I/Z) (funml 2f +fn

on? i lJ"]!$

f.nﬂ' 2fn+l+ fn+1 ]! Sﬁ

[BIEY

FreL f"*“2=;%[(f‘iﬁ/2' 2fn+1/2+ fn+1/2) (

or!

(@ )= (1 A ) 0SS /)z('tn‘_fﬁ
(1! " )fn+1 (1+u#)fn+1/2|$§ % 2"

ADI for elliptic equation is analogous to ADI in parabolic!
equation!

R

ITh 3{7|2(

In discrete form!

0060 =], f +8,f]+S
and take it to the limit to obtain the steady solution.!

g1 _of

%t n
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~———— Alternating-Direction Implicit - 3!

Convergence of ADI!
"

-$teration parameter #, =
-$or example (Wachspress)!

l bgéifk( 1)/(n(2) N

h 2hz Y thn

usually varies with iteration!

a lower bound eigenvalue!
b upper bound eigenvalue!
-Eomparison with SOR s difbcult!
-$\DI can be efpcient if appropriate parameters are found.!
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Although the iterative methods discussed here are
important for understanding iterative methods, they
are rarely used for practical applications due to their
slow convergence rate.!

The exception is the SOR method, which was widely
used in the 70"s and early 80"s. Due to its simplicity,
it is an excellent choice during code development or
for runs where programming time is of more concern
than computer time. !




