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Abstract

The left tail of the implied volatility skew, coming from qtes on out-of-the-money put options, can
be thought to reflect the market's assessment of the risk afja drop in stock prices. We analyze how
this market information can be integrated into the theoaéframework of convex monetary measures of
risk. In particular, we make use of irftBrence pricing by dynamic convex risk measures, which aengi
as solutions of backward stochastiffeiential equations (BSDESs), to establish a link betweesalwo
approaches to risk measurement. We derive a characterizaitithe implied volatility in terms of the
solution of a nonlinear PDE and provide a small time-to-mgtiexpansion and numerical solutions.
This procedure allows to choose convex risk measures in @eodently parametrized class, distorted
entropic dynamic risk measures, which we introduce heigh that the asymptotic volatility skew under
indifference pricing can be matched with the market skew. We demadahis in a calibration exercise
to market implied volatility data.

Keywords dynamic convex risk measures, volatility skew, stochasatlatility models, indiference pric-
ing, backward stochasticftiérential equations
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1 Introduction

Risk measurement essentially conveys information abastdadistributions. However, that information

is also contained in market prices of insurance securitias dre contingent on a large (highly unlikely)
downside, if we concede that those prices are mostly rafeeofiprotection buyers’ risk aversion. Examples
are out-of-the-money put options that provide protectionasge stock price drops, or senior tranches of
CDOs that protect against the default risk of say-1¥% of investment grade US companies over a 5 year
period.

A central regulatory and internal requirement in recentryea the wake of a number of financial
disasters and corporate scandals, has been that firms sepedsure of the risk of their financial positions.
The industry-standard risk measure, value-at-risk, iseWyidriticized for not being convex and thereby
possibly penalizing diversification, and a number of ndtprablems arise:
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1. How to construct risk measures with good properties.
2. Computation of these risk measures under typical finanwalels.
3. Choice: what is the “right” risk measure?

The first issue has been extensively studied in the statie [¢d3EH99, FS02] and recent developments in
extending to dynamic risk measures with good time-constst@ndor recursive properties are discussed,
e.g., in [BK09, KS05, MzZ09, FS11]. However, concrete exampbdf dynamic, time-consistent convex
risk measures are scarce, and they typically have to be dédibstractly, for example via the driver of a
backward stochastic flierential equation (BSDE) or as the limit of discrete timesistent risk measures
[Stal0]. As a result, intuition is lost, and there is at pnesietle understanding what the choice of driver
says about the measure of risk. Or, to put it another way, feowtlee driver be constructed to be consistent
with risk aversion reflected in the market?

Let £ be a bounded random variable representing a financialfpaywse value is known at some
future timeT < oo. A classical example of a convex risk measure, the entragicreasure, is related to
exponential utility:

o(&) = 3 1og B [e7). )

wherey > 0 is a risk-aversion cdkcient. When extending tdynamicrisk measureg;(-) adapted to some
filtration (#7), a desirable property is (strong) time-consistency

os(—0t(é)) = 0s(é), 0<s<t<T.

This flow property is important if; is used as a basis for a pricing system. The static entraggianeasure
(1) generalizes to

o©) = ~log (5[e7 1 7). @

The flow property follows simply from the tower property ofnahtional expectations. However, finding
other directly-defined examples is not easy, and to havesmmnedle class of choices, we need to resort to
more abstract constructions.

In a Brownian-based model, time-consistent dynamic risksuees can be built through BSDEs, as
shown in [BK0O9, KS05] (compare also [Gia06]), extending Wwk of Peng [Pen04]. That is, on a proba-
bility space with ad-dimensional Brownian motiow that generates a filtratiorF{), the risk measure of the
Fr-measurable random varialf€taking values irR for simplicity) is computed from the solutiom{, Z;),
which takes values it x RY, of the BSDE

AR = ot Z)dt-Z dW
RT = _é"

wherex denotes transpose. Here the drigewhich defines the risk measure, is Lipschitz and convex in
and satisfieg|(t,0) = 0. The solution is a proces$s taking values irR that matches theerminal condition
~¢£ on dateT (when¢ is revealed and the risk is known), and a procgsaking values irR¢Y that, roughly
speaking, keeps the solution non-anticipating. Tb&f) = R; defines a time-consistent dynamic convex
risk measure. However, the possibility téset risk by dynamically hedging in the market needs to be
accounted for. Setting aside technicalities for the mogning operation leads to a modification of the
driver.

The left tail of the implied volatility skew observed in eguimarkets is a reflection of the premium
charged for out-of-the-money put options. The bulk of thenskeveals the heavy left tail in the risk-neutral



density of the stock pric&y at expiration, but the very far left tail, where investor @ent and crash-o-
phobia takes over, could be interpreted as revealing irdton about the representative market risk measure
and its driver, if we assume prices are consistent with this kind of pricimgchanism. The question then is
to extract constraints on the driver from the observed tditee skew, an inverse problem. In the application
to equity options in Section 3, we assume the mid-markeboptrices reflect the premium a risk-averse
buyer is willing to pay. We do not relate buyers’ and sellgngtes to the bid-ask spread, since that is more
likely related to the market maker’s profit.

To put our analysis into a broader framework, we observe tti@tunderlying structural question is
the inference of preference structures from observable. dette idea of using (at least in theory) observ-
able consumption and investment streams to reveal therpnefe structure of a rational utility maximizing
investor dates back to Samuelson in the 1940s and Black iba®@s - for a recent overview on this “back-
ward approach” to utility theory we refer to [CHO11]. Ther#pof our presentation is a similar one, except
we deal with dynamic risk measures rather than utility fiomg, and the observable data are not given as
consumption and investment strategies but as readilyadlaimarket implied volatilities.

The main goal of the current article is to develop short-taegmptotics that can be used for the inverse
problem of extracting information about the driggirom the observed skew. This could be used to construct
an approximation to the driver and then to value more exdiivdtives in a way consistent with the risk
measure. The information could also be used to quantify etgmérception of tail events, particularly when
they depart from usual. Some studies have discussed thmeaiag of skew slopes in the run up to financial
crises without a corresponding overall raise in volatilgyel. Inferring, fully or partially, a risk measure
driver, could be used for detection of increased warinessavéish.

Berestyckiet al. [BBF04] presented short-time asymptotics for implied tititees for no arbitrage
pricing under a given risk-neutral measure in stochastic volatitibdels. Further work in this direction
includes, among others, [FFF10, FJ09, FJL10] and refescthezein. In Section 2, we extend this analysis
to the nonlinear PDEs characterizing ifidrence pricing under dynamic convex risk measures.

We find (Theorem 2.12) that the zero-order term in the shiore-approximation is the same as found in
no-arbitrage pricing by [BBF04]. The next order term is tb&ison of an inhomogeneous linear transport
equation that sees only a particular slope of the partiadigdndre-transformed driver, but is independent of
the size of the options position (see equation (27)).

Section 3 illustrates the theoretical findings by focusimgaoparticular class of drivers, introducing
distorted entropic convex dynamic risk measures. First @eldp explicit calculations for the small time
expansion in the Hull-White stochastic volatility modelilastrate the impact of the distortion parameter
on the implied volatility skew. In Section 3.3, as a proof oficept, we perform a preliminary calibration
exercise of the short time asymptotics to S&P 500 impliedatilities close to maturity. This allows to
estimate the stochastic volatility model parameters froenliquid central part of the skew, and to recover
the distortion parameter of our family of dynamic convexrimeasures from far out-of-the-money put
options.

We illustrate the parameter impact for longer dated optin@snumerical study (via the pricing PDE) of
arctangent stochastic volatility driven by an Ornsteindobeck process. Section 4 contains the conclusions
and Section 5 gives the more technical proofs omitted in xpegtion.

2 Heuristics and Statement of Results

We consider a model of a financial market consisting of afrisk-bond bearing no interest and some stock
following the stochastic volatility model on the filterecopability space®, 7, (%), P)

{ dSt = u(Yy)Stdt+ o(Y) St dWE, So=S; 3)

dY; = m(Yy) dt+a(Yy)(p dW! + p’ dWP), Yo=Y,
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whereW?, W? are two independent Brownian motions generatifig &ndp’ = /1 — p2.

Assumption 2.1. We assume that:

i) o,a¢€ Clﬁcﬁ (R), where (’&ﬁ (R) is the space of dierentiable functions with locally Holder-continuous

derivatives with Holder-exponegt> 0;
i) both o and a are bounded and bounded away from zero:
O<o<o<o<o, and O<a<a<a<ow;

0+B
loc

i) u, meC_7(R), and|u| < u < oo.
The pricing will be done via the inflierence pricing mechanism for dynamic convex risk measures,

which are introduced in the next subsection.

2.1 Dynamic Convex Risk Measures, Indference Pricing and BSDEs

Definition 2.2. We call the familyg; : L¥(Q, 7,P) —» L*(Q,F, P), 0 <t < T, a convex dynamic risk
measure, if it satisfies for dle [0, T] and all&, &1, £2 € L*(Q, F7, P) the following properties.

i) Monotonicity: &1 > £2 P-a.s impliesoy(¢Y) < o1(¢?);

i) Cash invarianceoi(¢ + ) = o(€) — my for all my € L®(Q, F+, P);
i) Convexity: or(aét + (1 — @)é?) < aoi(€l) + (1 - @)oy(é?) for all a € [0, 1];
iv) Time-consistency(¢1) = oi(£2) impliesps(él) = os(¢?) forall 0 < s< t.

We note that if the risk measure is additionally normaliziegl, o:(0) = O for all t € [0, T], then iv)
is equivalent to the stronger propey(—o:(£)) = o0s(¢) for all 0 < s < t [KS05, Lemma 3.5]. The risk
measurey(£) should be understood as the risk associated with the pogitt timet.

If ot Is normalized, this is nothing else than the minimal capéglirement at timeto make the position
riskless sincex (¢ + ot(£)) = 0. In this static setting, the certainty equivalent prica@iuyer of a derivative
& e L®(Q, ¥, P) at timet is just the cash amount for which buying the derivative hasakgsk to not
buying it.

In fact we are much more interested in the case where the lufiybe security is allowed to trade in
the stock market to hedge her risk. In describing admissitlgegies we follow the setting of continuous
time arbitrage theory in the spirit of Delbaen-Schachemndfor an overview, we refer to the monograph
[DSO06]). Denote therefore b®; the set of all admissible hedging strategies from tinoewards, i.e. all
progressive processes such that 0 and ftu 0s(u(Ys) ds+o(Ys) dWE) exists for allu €]t, T] and is uniformly
bounded from below, and set

:
fm::{[ %@0@ds+00@dw@):ee®}.

The set of all superhedgeable p#gds then given by := (%; — L?) N L=, whereL{ denotes the set of all
almost surely non-negative random variables.
The residual risk at timeof the derivativet € L*(Q, 7, P) after hedging is given by

ou(§) = eﬁescitnfgt(g +h). (4)

Thus, assuming that the buyer’s wealth at timgex, her dynamic indterence pricé;, which can be viewed
as the certainty equivalent after optimal hedging in theaulythg market, is given viai(X+ & — Py) = 0¢(X),
whence, using cash invariance,

Pt = 01(0) — (&) 5)
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We note, while restricting ourselves to the buyer’s ffetience price, all our considerations are easily adapt-
able to the seller’s indierence price by a simple change of signg ahdP; in (5).

A convenient class of dynamic convex risk measures to whietwill stick throughout this paper are
defined from solutions of BSDEs. Assume tlgat [0, T] x Q x R?2 — R is a? ® B(R?) predictable
function which is continuous, convex, and quadratic (i.euried in modulus by a quadratic function) in
theR?-component. Next, lef € L*(Q, 77, P) be a given bounded financial position. Then the BSDE

T T T
Ri= —¢+ f oft, . 2L, 72) ds f ZE W - f 22 dW2 6)
t t t

admits a unique-adapted solutionR;, Z¢, Z?), which defines a dynamic convex risk measuregy(X) :=
R; [BKQ9, Theorem 3.21].

The existence of a solution of the BSDE (6) in this quadragittisg was first proved by Kobylanski
[Kob00, Theorem 2.3], with some corrections to their argoteegiven by Nutz [Nut07, Theorem 3.6],
whereas the uniqueness follows from the convexity of theedids shown in [BHO08, Corollary 6]. From a
financial perspective, the componeifs Z2 of the “auxiliary” proces< can be interpreted as risk sources,
describing the risk stemming from the traded asset and tlagility process respectively.

2.2 Transformed BSDE under Hedging

To assure the solvability of the BSDEs and PDEs that ariselirsetting, we have to restrict the class of
admissible drivers. Throughout, subscripts of functiordidate in the PDE context partial derivatives with
the respect to the respective components.

Definition 2.3. We call a functiong : R? — R a strictly quadratic driver (normalized strictly quadcati
driver) if it satisfies the following conditions i)-iii) (0. 0)-iii)):

0) 9(0,0)=0;
i) geC?(R?);
i) Ouzn(z1,22) >0 forall (z,2) € R
iii) there exist constantg, ¢, > 0 such that

cl(% ~(1+2))<d@.n) sc(1+Z+2Z) forall(z,2)cR2

The normalization of the driver (condition 0)) correspota$he normalization of the risk measure.

Remark 2.4. To ease the presentation, we only work with drivers that dodepend explicitly on time or
onw. While any dependence opWRould destroy the cash invariance, it is nofidult to add an additional
dependence of g on time (requiring some local Holder-cuiitly in the time component of g). The small time
expansion Section 2.5 up to first order works in this casetixas in the time independent case (evaluating
the driver at t= T), and the higher order expansions can be adapted straigh#rdly. For analysis of
filtration-consistent, translation invariant nonlineaxgectations, we refer to [CHMPO02].

In passing from the principal risk measure definedylty the residual risk measure after hedging, as in
(4), we will need the Fenchel-Legendre transforngafi its first component, namely

0 2) = suf¢z - 9@, 2)),  [eR. (7)

z1€R

Lemma 2.5. Given that g is a (nhormalized) strictly quadratic drivergtithe risk-adjusted drivdy defined
in (7) is also a (normalized) strictly quadratic driver.



Proof. To show( satisfies condition iii) of Definition 2.3, we fix, and treat the function as classical
Fenchel-Legendre transform in one variable. Thereforeldishfor proper, continuous convex functions
f, g, thatf < gimplies f > g and f=f, [HULO1b, Proposition E.1.3.1 and Corollary E.1.3.6]. Set
statement is proved by noting that

sZLlJp(gzl —c(l+Z+ %)) = c(% -(1+3))
for any positive constart.

To showi) andii) in Definition 2.3, we note that conditioiii ) implies thatg is 1-coercive inz, i.e.
0(z1, 2)/|1z1] — o0 aszg — +oo for fixed z. Now we can use the fact, that the Fenchel-Legendre transfor
of any 1-coercive, twice €lierentiable function with positive second derivative iglitd-coercive and twice
differentiable with positive second derivative, cf. [HULOlar@llary X.4.2.10]. Thus it remains only to
prove the diferentiability ofg with respect t@, which is a consequence of thefdrentiability properties of
g: writing down the diference quotient and noting that the maximizer tgetlentiable, the positive second
derivative with respect to the first component yields thatexice of a finite limit. Finallg(0, 0) = 0 follows
from the definition ifg(0, 0) = 0. ]

In other words, the class of strictly quadratic drivers igimant under the convex conjugation in the first
component and the class of normalized strictly quadratieds is an invariant subclass thereof.

Remark 2.6. We note that it is important in our setting to stick to the ttyeaf quadratic drivers, since if g
would be a Lipschitz drivey would be no more a proper function. This fact is easily ssgrce from the
Lipschitz condition it follows that

9(21.2) < L(1+ 2 +B) < V2L(1+ [z + |z2))
for some constant L and hence
(¢, 22) = sU(z1 - 921, 22)) = suf{z — V2L(1 + | + |22)))
4l P4l

~ { o if ¢l > V2L
T =V2L@ +z)) if 12 < V2L

From now on we will assume thgtis convex as a function dk? and an admissible driver. Our next step
is to describe the dynamic hedging risk in terms of BSDEs.s€hesults are in essence due to Toussaint,
[TouO7, Section 4.4.1]. Since his thesis is not easily atd, we will nevertheless state the proofs here. It
is convenient to introduce a notation for the Sharpe ratio:

- FY)
) =25 ®)

Ifroposition 2.7. The risk of the financial positios € L*(Q, 7, P) under hedging i$(£) = Iﬁt@) where
R¥) is given via the unique solution of the BSDE

T T T
RO = ¢ f ZIA(Ys) + §(-A(Ys), Z2) ds— f Zldw! - f Z2dW2. (9)
t t t

Moreover,g; is itself a dynamic convex risk measure.



Proof. It follows from the work of Kloppel and Schweizer [KS05, Tatem 7.17] that the risk is given via

the BSDE T - T
o=+ [ abzhds- [ 2iawe- [ Zzawe
t t

t
wheregd’is given by the infimal convolution

8(z1. 22) = inf(9(zz + o (YV. 22) + u(YV). (10)

To be precise, besides thdfdrences in sign between our convex risk measures and thegtarg concave
utility functionals, ourL*® framework is in line with the main part of their paper whereyttwork in L* .
However, the result [KS05, Theorem 7.17] is stated in theéaork of L>-BSDESs with Lipschitz drivers.
Their detour toL? was due to their consideration that this is the natural fraonk for BSDEs. We have
motivated that we have to work with quadratic drivers, foiishtthere is yet nd.?-theory, but it is straight-
forward (though tedious) to check that their result (10)msl@o our setting due to the regularity enforced
by the admissibility conditions in Definition 2.3.

Next, we rewrite the infimum in (10) to get

0(z1, 2) = LQIE(Q(U, 2) - (21 = WAYY)) = —z1A(YD) = 8(= (V). 22).

Finally, the uniqueness of the solution of the BSDE (9) fekcagain from [BHO8, Corollary 6] using the
convexity of the driver, which is implied by the fact th@is"concave in the second component. Moreover,
this entails also that i5 a dynamic convex risk measure. m|

Remark 2.8. 1. We remark that in view of equatidf) of the above proposition, the notion of admis-
sibility could be slightly extended: it is possible to reggathe lower bound in Definition 2.3, iii)
by

c(f(z) - (1+ %)) < 9@, )
for an arbitrary real-valued, convex anticoercive function f. This is enough to get existence and

uniqueness of equatig®), however it would clearly destroy the nice invariance pryef Lemma
2.5 and we do not adopt it in the following.

2. As in(9) and the rest of the paper, the first argumenias the negative of the Sharpe ratio. If we
knewa priori that the Sharpe ratio was small relative to the minimal Lipscconstant L in Remark
2.6, then we could allow BSDEs with Lipschitz drivers. Ha@veve choose to put restrictions on the
driver, such as in Definition 2.3(iii), rather than on the gamof the model parameters.

2.3 Indifference Valuation of European Claims

From the formula (5) for the inétierence pricd®; and Proposition 2.7, we have that
P = RO - RO, (D

From now on we will restrict ourselves to particular boungeydats, namely European put options with
strike priceK and maturity datd: £ = (K — St)*. Moreover, for the further treatment the substitutions

X :=log (S/K), T:=T-1, (12)

will be convenient and we introduce the following notatioRenote byLt the layer [QT] x R? and by
Q,r the open cylinder above the digm, r) with midpointm, radiusr and height O< 79 < T: Qs =



10, To[xB(m,r). Since the location of the midpoint (once fixed) will play fusther role, we skip it in the
notation.

The following theorem characterizes the ifilience price of a European put with respect to the dynamic
convex risk measure with drivegrunder the stochastic volatility model (3).

Theorem 2.9. The buyer’s indference price of the European put option is given as
P(r, x,y) = U(r,y) — u(r, X, y) (13)

where ue C*#/225(Qr ) N C(Lt) for every cylinder @, is the solution of the semi-linear parabolic PDE

—U +Lu= 20(-A(y). p'Ka(y)uy);
{ WO.xy) = -y, -
with operator L given by
Lu= Mu- %&(y)ux + (M(y) = paly)A(y))uy
Mu= %fﬂ(y)uxx + por(y)a(y) sy + %az(ywyy (15)

andil denotes the (x-independent) solutior(4), with altered initial conditiornli(0, y) = 0. Moreover there
exists a solution of the Cauchy probldd#) (as well as that with the altered initial condition) whichtfse
unique classical solution that is bounded if together with its derivatives.

Proof. By Ladyzhenskayat al. [LSU67, Theorem V.8.1 and Remark V.8.1], there exists asstdassolution
v e CHP2245(Qr ) N C(Lt) to the semilinear parabolic PDE

Vet 5020)S%ss + )y + pr()a)Sy + (M)~ pAIy = B-AY). 0'aA).  (16)

with terminal conditionv(T,S,y) = —(K — S)* which is the unique classical solution to this PDE that is
bounded inLt together with its (first and second order) derivatives. A 1td’s formula tov(t, S, Y;)
and defining

Zt = o (Y)Stvs(t, St Yo) + pa(Yo)wy(t, S, V)
Z_f = p'a(Yyvy(t, St. Yo),
Re = W(t, St, Yi)

shows thatR;, Z%, Z2) solves the BSDE (9) forR®, 21, 22) with £ = (K — St)*, and therefore we identify
Ii’t(f) =V(t, S, ;). The transformation (12), together witlr, X, y) = V(t, s, y)/K leads to the Cauchy problem
(14) foru. Finally, taking zero terminal condition for the PDE (16hdacalling the solutiorv(i, y) leads to
Iﬁﬁo) = VU(t,Y;). Therefore the indierence price in (11) is given by, = W(t, V) — v(t, St, ), which, in
transformed notation, leads to (13). m|

Hereu is the value function of the holder of the put option, arid felated to the investment (or Merton)
problem with trading only in the underlying stock and monegrket account. The nonlinearity in the PDE
(14) is in its “Greek’uy, that is, the Vega, and enters through the Legendre transfbrthe driverg in
its first variable. For the familiar entropic risk measunéz, z) = y(Z + 2)/2, wherey > 0 is a risk-
aversion parameter, we hag’,’z) = (gz/y—yz%)/Z. In this case, the nonlinearity is aﬁ(see for example
[BKO5, SZ05])).



2.4 Implied Volatility PDE

Our main goal is to establish an asymptotic expansion ofrttiiference price implied volatility in the limit
of short time-to-maturity. To do so, we now adapt the appnaaicBerestycki et al. [BBF04] to establish
a PDE satisfied by the Black-Scholes volatilift, x, y) implied by the indfference pricing. Therefore we
note that in the Black-Scholes model with unit volatiliyetno arbitrage pricing PDE is given by

~U; + 3(Ux—Uy) =0;
{ U@©,x) =(1-e9*,

which can be represented explicitly as

U0 = o(——2% + Y1) - e~ - VT

VT2 VT 2
where® is the cumulative density function of the standard normstiriiution. Using the scaling properties
of the Black-Scholes put price, the ifidirence pricing implied volatilityl (7, X, y) is hence given by the
equation
P(, %,Y) = U(I1%(z, X, )7, X). 17)

Before we derive a PDE for the implied volatility, we give s priori bounds on inflierence prices and
their associated implied volatilities.

Proposition 2.10. Denote by BS(r, x; o) the Black-Scholes price of the put calculated with constatatil-
ity o. Then
PS(r, ;o) < P(r, x.y) < P?S(r, x,7) (18)
and
ac<l(nxy) <0, (19)
whereg andc are the volatility bounds in Assumption 2.1.
The proof is given in Section 5.
To derive the PDE for the implied volatility, we plug (17) anthe equation (13) and get after some

calculations - detailed in Section 5 - that the implied \ititgt | is subject to the nonlinear degenerate
parabolic PDE

~(@1?); +TIMI + |2g:—< - %TZIZQI +7qy)lly = zrnyg(_ﬂ(y)’p ,Ka(yi(u(yéy__géy_)ﬂ(y)’p Kaly) (20)
with the square field type operator
Gl = MIZ = 2IMI (21)
and
aly) := pa(y)aly) + 2m(y) — Zpa(y)A(y). (22)

To motivate an initial condition for the Cauchy problem, vend formallyr to zero in (20). As the
“Vega” v = Ty — uy tends also to zero as| O (this is shown in Lemma 5.2), we observe that the quotient on
the right side of (20)

a(=A(y). p’Ka(y)ty) - §(=4(y). p'Ka(y)uy)
K@y — W)

which is bounded by the definition of strictly quadratic érs and Lemma 2.5. Dividing b, this leads to
the formal limit equation

— p'a(y)dz(-A(y), 0),

X

gl(o,x,y) =1

(23)



Remark 2.11. Our Cauchy problem is similar to that derived for no arbiteagricing implied volatilities
in [BBFO4], where they have the same equat{@®), but i) without the last term on the left side (which
here is due to the change in measure from physical to a riskraleone); and ii) without the right side term
(which here is due to the dynamic convex risk measure useaddigference pricing). However, our initial
condition (23), which does not depend d@nand the drift of the stochastic volatility model, is exadtie
same as theirs.

Now we turn this heuristic argument into a precise statement

Theorem 2.12. The implied volatility function(lr, X, y) generated by the inglerence pricing mechanism is
the unique solution & C1*#/22%5(Qr ) n C(Lt) to the following nonlinear parabolic Cauchy problem

8(-A(). p'Kaly)iy) - 8(=A(y). p’Ka)u)
K@, - )

whereM, G, and g are given by15), (21), and(22) respectively. The initial condition is given a®)x,y) =
x/w(X,y) wherey is the unique viscosity solution of the eikonal equation

—(1?); + TIMI + |Zgi—( - %TZIZQI +7q(y)lly = 27y (24)

Gy =1
y(Oy) =0; (25)
Y(xy) >0 forx>D0.

The proof is given in Section 5.

It is worthwhile to note that indiierence prices are not linear. Indeed, buying double the atrafu
securities will not lead to twice the price. In this way albe tvolatility implied by indiference prices is
quantity-dependent as a consequence of the appearangeaofl iy on the right side of equation (24).
However, the nonlinearity in quantity is not observed in tleeoth- and first-order small time-to-maturity
approximation as we show in the following subsection. Mgegpderiving the PDE for the inflerence
price implied volatility for buyingn put options results in the same Cauchy problem as in Theor&f) 2
where one has only to repla&eby nK in every appearance in equation (24).

2.5 Small-Time Expansion

In the short time limit the implied volatility under infierence pricing is equal to the usual one as calculated
by Berestycki e.a. [BBF04], as the initial conditions are fame (see Remark 2.11). The subtleties of the
indifference pricing appear only away from maturity. This can lem $8/ methods of a formal small-time
expansions. We make tiansatzof an asymptotic expansion of the implied volatility:

I(z, % Y) = 190, Y)(1 + 711(x, y) + O(F2)). (26)

As seen above, the terifl(x,y) = 1(0, x, y) is given via solution of the eikonal equation (25). To finé th
PDE forl!, we plug the expansion (26) into the equation (24) and coenhe first order terms far — 0.
This leads to the inhomogeneous linear transport equation

2120 + S {20 + P20 )+ S0 ashs + Py 0e) — M3
- - () - '20)8(-109).0)2 (27)

wherey is again the solution of the eikonal equation (25).
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It is important to observe that the dependence of this fidgoapproximation on the risk measure (via
its driverg) is given merely by the evaluation at = 0 of the derivative of its Fenchel-Legendre transform
g with respect to the second component.

Comparing our PDE to the analogous equation in the arbipaiging setting of [BBF04] (who, how-
ever, prescribe only the methodology in general and makkcébgalculations just in one example), we note
the presence of two additional terms in (27) - one due to tlemgh to a risk-neutral probability measure
and the second due to irfiérence pricing with a dynamic convex risk measure.

Furthermore in many we can obtain an interior boundary d¢mrdfor the PDE atx = 0 by sending
x formally to zero in (27), since by — 0 andyy it follows that the first order cdBcients vanish. We
will show this specific procedure on a concrete example ini@e8.2. Imposing higher regularity on the
codficients and org 0One can obtain also higher order terms in the expansion adfithied volatility. This
is done by using Taylor expansionsg@(if the second component) aoganduy (in 7).

3 Examples & Computations

In this Section, we introduce a family of dynamic risk measuwithin which to present thefect of risk
aversion on implied volatilities, first using the asympt@tpproximation in the Hull-White stochastic volatil-
ity model, and later using a numerical solution of the quresdr option pricing PDE.

3.1 Distorted Entropic Dynamic Convex Risk Measures

To study the impact of the driver on the implied volatilityewvill now turn to a nicely parametrized family
of risk measures. Therefore we define the following classrivieds, generating distorted forms of the
entropic risk measure:

2
9"(21,2) = %(Zi +2) +nyaz + %23 = %((zl +n2)* +2). (28)

Itis clear, that in the casg= 0 this is the driver connected to the classical entropicmiglasure, whereas

can be seen as a parameter which describes in which waylitplask increases also the risk coming from

the tradable asset. As we will see later in Sectioneffectively plays the role of golatility risk premium

In the case of the usual entropic risk measure the driveritbesca circle whose radius is governed by the

parameteyy. In the distorted case it is now an ellipse whemetermines additionally the eccentricity.
Turning to the Fenchel-Legendre transform, we have

N 1 Y

1.y = —p2_r2_

R e L (29)
Plugging this into (24), we see that the right hand side nagse

tlly (20" Ay)aly) - yKp ?aly)?(by + uy))

and we remark in particular thatscales withK and hence also with the number of securities bought (as
mentioned at the end of Section 2.4). In particular we seeabat the term appearing in the first order
approximation of the implied volatilityg’;” (—A(y), 0) = nA(y), is independent of.

3.2 Short-Time Asymptotics for the Hull-White Model

In the following we look at an example which is an adaption ehiEple 6.16.3 of [BBF04]. Let the
stochastic volatility model be given as the Hull-White miode

dS; = u(Yy)Stdt + ;S dWL, So=5 (30)
dY; = «Y dW2, Yo =Y.

11



for two independent Brownian motiong*, W2, Obviously the model does not fall in the class considered
above because the volatility(Y) = Y is a geometric Brownian motion that is not bounded above @yaw
from zero. Nevertheless, by a change of variables we wiltlsgethe results hold.

Writing down the pricing PDE in the case of the distorted @pitr risk measure (28), we get

1 ) 1 Ly
—Ur + E(YZUXX + KEyPUyy) — Eyzux T 29K 2 YA+ mu(y)y,

and one sees that by the time chamge 7y? (the boundary = 0 is not hit when we start witkly > O given
that; is a geometric Brownian motion) and settjagy)™:= u(y)/y? the equation becomes

1 ) 1 5 YKi?
—Ur + 5 (U KUyy) = SUx = > K,U() —TUy+UK#(Y)Uy

This equation has a solution (again by [LSU67, Theorem \&8d Remark V.8.1]), at least in the case that
fi is locally B-Holder continuous (which in turn implies thagy) = O(y?) asy — 0) .

In absence of global bounds on the volatility we are not ablelgrive results about existence and
uniqueness of solutions for the PDE (24) for the implied tiifg Nevertheless we can postulate the small-
time expansion to get

vE+ ks = 1/y?
¥(@0y) =0 (31)
Y(xy) >0 forx>0

as the PDE characterizing it's zeroth oder term and
0 = 21+ Y2yl + Pyl — XM - nru(y) S
1Y0y) =5 +ng2

for the first. The interior boundary condition fot at x = 0 follows from the formal asymptotics as— 0.
As derived in [BBF04], the zeroth order term of the expanssogiven via the solution of (31),

(32)

K2X2) (33)

1 KX
w(Xy) = ;In(7+ 1+7 .

asl®(x,y) = x/y(x,y), whereas for (32) we can guarantee only a solution in the wdmreu(y) = O(Y°)
sincel)‘,)/l0 = —yy/¥ = 0(1/y) asy — 0. Obviously this means practically that we need an extrenfigirl
the Hull-White model to compensate the very volatile vditgtiprocess. However, setting e.g(y) = uy®
for some constant, we are able to solve the PDE (32) explicitly by the methodhafracteristics to get

1 2.1 (X2

1+ — —| 34
wz(x,y)( ( po(1+ y2 ))H] 2) 59
In Figure 1, we rely on the parameter set

u=6; k=1, y=0.3; 7=0.1

1(x,y) =

Whereas the parameteidoes not appear in the first order approximation, the distogarameter, has
a double &ect. On the one hand side it shifts the smile at the money d smalunt, on the other hand it

changes more significantly the wing behavior of the smilaliragl to the asymptotics the terrﬁ‘;ﬁ
(sincex?/y? ~ k?/(In|X|)?> asx — +o0). This changes the whole wing behavior, sin€e~ x2L and
I - 0forny=0asx — +co. Of coursey = 0 corresponds to the first order term of martingale pricing as

[BBF04]. Positiver; (hence a positive impact of the volatility risk on the risktbé traded asset) increases
the implied volatility and steepens the wings.

12
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Implied Vol in Log—Moneyness

—_— Oth-order
— 1st-order,n=0
1st-order,n=-0.2

-— 1st-order,n=0.2

— 1st-order,n=0.5

0.6~

-0.3 -0.2

Figure 1: Implied volatility in terms of log-moneyness I8gSo) for the Hull-White model: zeroth and first
order approximation in dependencenof

3.3 Calibration Exercise

We perform a simple calibration exercise using S&P 500 iatpliolatilities to show how the approximation
(26) could be used to recover some information about the etfarksk measure. We work with the short
time approximation in the uncorrelated Hull-White modeD)®f Section 3.2 and within the family of
distorted dynamic convex risk measure (28).

We suppose that the near-the-money option prices are givergectations under an equivalent martin-
gale measure, specifically the minimal martingale meadthis. corresponds to setting the distortips: O,
and so the short-time asymptotic approximation for impliethtilities | is

(1+711(xy)).

X

T ()
wherey(x, y) is given by (33) and'(x, y) by (34) withn = 0. This gives

X T y 22\
ey [“ 725 '”[i‘“x’ o[+ F) ]]

where we see that the approximatiy depends only on the paramekeand the current volatility leve}.
Then having fit the liquid implied volatilities to recovertiesates of« andy, we can write the short time
approximation with distortion as

>3

3

| ~ Iy + (’”’)—21// ) (3%)

from which we can estimate the combinatjan

In Figure 2, we show the result of a fit to S&P 500 implied vditgis from options with nine days to
maturity on October 7th, 2010. We comment that the Hull-WInitodel is not the best choice of stochas-
tic volatility model, and our intention is primarily to demstrate the procedure. In particular, because
our asymptotic formulas are for the uncorrelated modelctviailways has a smile with minimum implied
volatility at the money, we restrict the fit to options withgagive log-moneyness, which is mainly out-of-
the-money put options. The first part of the least-squar@ndfito options with log-moneyness between

13



—0.06 and 0 givex ~ 6.6, andy ~ 0.18. Then fitting to (35) the options with log-moneyness |ésmt
—0.06, which we view as less liquid and more reflective of the ragskisk measure, gives the estimate
un ~ 35. We note that thg in this model is expected to be rather large because the catebift of the
stock isuy?, andy << 1. So the estimate we get from the dataugfis not unreasonable. In particular it
reveals gositivedistortion codicients.

0.32

03— —

X /Risk measure fit to far out-of-the-money puts

o

N

>
T
|

Implied Volatilities
B
T

/Fil to liquid option implied vols

02—

018 \ \ \ \ \ \ \
-0.08 -0.07 -0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0

Log—Moneyness

Figure 2: Fit of short-time asymptotics to S&P 500 impliedatiity data 9 days from maturity.

3.4 Numerical Study

We consider the buyer’s infierence price of one European put option with respect to théyfaf distorted
entropic risk measuredefined by (28). We work within the stochastic volatility nebd3) and, for the
numerical solution, we return to the primitive variablgss(y). Denote byL, the generator of the Markov
processy:

1., 50 0
Ly = Ea()’) Y + m(Y)@,
and by Lsy the generator of, Y):
1 o pep 02 02 d
Lsy=Ly+ EO'(Y) S 552 +Pa(Y)O'(Y)S@ +/1(Y)8—S-
From (11), the buyer’s indlierence price of a put option with strikke and expiration daté at timet < T
whenS; = S andY; =, is given by:

P(t’ S’ y) = QD(t, S’ y) - QDO(t’ y)9

14



whereg solves

ot (Ls,y - pa(y)z(y)(%) o = —G-A).—p'a)ey). (36)
QD(T’ S’ y) = (K - S)+’

and ¢o(t, y) solves the same PDE without tisederivatives and with zero terminal condition. Note that
¢ = -V, wherev was the solution to the PDE problem in (16), asd= —V which was introduced in the
proof of Theorem 2.9.

As §is given by (29), we can re-write (36) as

2
o+ Ly =6+ ma g o = -2 4 50 - Pvat @7)

This shows that; plays the role of avolatility risk premiumin that it enters as a drift adjustment for the
volatility-driving processY. However the nonlinearity of the PDE is through a quadrarentin ¢y, as in
the case of the entropic risk measure.

Moreover, introducing the transformation

eo(t,y) = - log f(t,y),

_ 1
y(1-p?)
leads to thdinear PDE problem forf:

, 0 1
o [5- 0o ) - 320 - A1 = o 39)
f(Ty) = 1 (39)
Therefore the indference price is given by
1
y(1-p?)

In the numerical solutions, we take the volatility-drivipgocess Y;) to be an Ornstein-Uhlenbeck pro-
cess with the dynamics:
dY; = a(m-Yy) dt + v V2o (o dWE + p” dWP),

and we choose a functian(Y) that gives realistic volatility characteristics. For @& processY;), the rate
of mean-reversion ig, the long-run mean-level im and the long-run variance ig. For the computations,
we will takee =5,m=0,v* = 1,p = -0.2 and

o(y) = 077 (arctany — 1) + 7/2) + 0.03,

so thato(m) = 0.2050. The parametermeasures approximately the standard deviation of vdiafilictua-
tions. The values are chosen such that the interval of widéhstandard deviation fof under its stationary
distribution is (1, 1), and this translates roughly to the intervall@®0.38) for volatility o. The two stan-
dard deviation interval for volatility is approximately.{®, 0.56).

We first solve the quasilinear PDE (37) ferusing implicit finite-diferences on the linear part, and
explicit on the nonlinear part. Then we solve the linear PD&bfem (38) forf. This procedure is done
for a current stock pric&g = 100 ando(Yp) = 0.223, calculating the solutions for European put options
expiring in three months for strikds in the range [70110] for different values of the distortion parameter
n and the risk-aversion parameter 0.
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Figure 3 reveals a more complex picture regarding tfeceofn away from the short maturity asymp-
totic approximation. We see, as in Figure 1 from the asyngsotncreasing; increases the skew slope;
however it also shifts down the levels of implied volatildyound the money (as opposed to the opposite
effect we saw in Figure 1).

Figure 4 shows, as we would expect, that increasing risksaey decreases the implied volatility skew
which comes from the inflierence price of the buyer who is willing to pay less for thé& 0§ the option
position. It also has a secondaryest of flattening the skew out of the money.

0.45

0.45 - —n=-0.1
—+—n=0.1

0.4 0.41

0.35+

o
w
a

0.3

Implied Volatility

Implied Volatility

o
w
T

0.251

0.2 . . . . . . . . .
0.1 Distortion n -04 -035 -03 -025 -0.2 -0.15 -0.1 -0.05 0 005 0.1

Log Moneyness
Log Moneyness

Figure 3: Implied volatility from the arctangent stochestolatility model in terms of log-moneyness
log(K/Sp) andn with fixedy = 0.5.

4 Conclusion

We have derived a nonlinear PDE for the implied volatilityrfr indifference pricing with respect to dynamic
convex risk measures defined by BSDEs undfusion stochastic volatility models. Our asymptotic anal-
ysis has highlighted the principaffect of the risk measure on option implied volatility at showturities,
namely through the appearancegef in the first order correction solving (27).

In the example of Section 3.2, this translates explicithatsteepeningfiect on the implied volatility
smile from the distortion parametgr Numerical computations confirm this away from short maguoo,
as well as quantifying thefiect of risk aversion on the level of implied volatilities.

The analysis can be used to infer some information aboutrifierdfor example; andvy in the family
(28), from market implied volatilities. This is illustrateising the short time asymptotics for the Hull-White
model on S&P 500 implied volatilities in Section 3.3.
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Figure 4: Implied volatility from the arctangent stochestolatility model in terms of log-moneyness
log(K/Sp) andy with fixed = 0.2.
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5 Proofs

Price- and Volatility Bounds

Lemma 5.1 (First Price Comparison). Suppose that P- i —u and P = T - T for some uil, U, U €
CL2(Q;r) NC(Qror), 0 < 70 < T, satisfy

= = 1, , ~ , _ .
Pr 2 LP — (8(-2(). p'Ka)Th) ~ §(-A(Y). o' Ka@)Ty)). in Qeys (40)
1, , o N ’ .
P, < LP - 2(8(-10).p'Kay)d,) - 8(-A(y). p'Kay)y,)). i Qe (41)
as well as
P>P on {0}xR®’NQ,, and ]0,70] XxR?NAQy,,. (42)

ThenP > P on Q.

Proof. Even if the form of this comparison principle for sub- andeygices seems to be quite unusual, the
proof follows directly along the lines of Friedman [Fri64hdorem 2.16] since the functiogscdntains no
second derivatives. To be precise: this argument leadssiowewhere the inequalities in (40), (42) and the
conclusion are strict. But setti®8 = P + &(1 + 7) one gets a strict superprice and sendirg zero yields
the stated version. m]

Proof of Proposition 2.10:

Proof. To prove (18), we intend to invoke the above comparison friedor the price process given in

Theorem 2.9 since it is clear that the Black-Scholes prifimgtions are sub- resp. supersolutions of the

PDE. Unfortunately we have the irftkrence price only as solution of a Dirichlet problem whiclesloot

give rise to directly comparable lateral boundary condgiothus we have to alter the argument a bit.
Denote forN € N by uN-< the solution of the initigboundary-value problems

U+ LNE = 2g(-A0). o' Kaly)uy D),
uN’g(o’ X, y) = _(l - eX)+,
uNg (7, X, y)|aB(o,N) = —PBS(r, x; o).

By a classical argument [LSU67, Sectior§8), we can extract a subsequent&< of uN< such thatMN<

converges together with its derivativesuand it's derivatives pointwise iht. The same is true fou™”
given by

N+ LN =

NO.xy) = 0

N, x, y)|aB(o,N) = 0

G(=A(y). o' Kay)a)');

ThusPN<(z, x, y) = uN<(7, x,y) — U(r, X, y) satisfies

—PrE+LPNE = 2g(-A(y), o' KaW)d)) - £A(-A(y). o' Ka)uy©);
PNC0,x,y) = (1-e9*; (43)
PNE(T, X Y)|pany = PP X ).

andPNZ — P along a subsequence.

Noting thatPBS(r, x; o) is a subprice on every cylindé&pr y by writing it in the odd formPBS(z, x; o) =
0 — (=PBS(z, x; o)) to satisfy the comparison principle of Lemma 5.1, we ha%&(r, x; ) < PN on Qr

18



and hence in the limiPBS(r, x; o) < P. The other direction of Theorem 2.9 is proved, of course,Hay t
same argument usirePS(r, x; &) as superprice.
Finally a reformulation of the achieved result reads

U(c?r. ) < U(I(r, % y)°1, X) < UG, %)

and so the strict monotonicity &f with respect to the first variable yields (19). ]

Deriving the PDE for the Implied Volatility

To derive the PDE for the implied volatility, we note thatrind13) and (14), it follows that the infiier-
ence priceP obeys the equation

1 P ’ ~ P ’
—Pr+ LP = (8(-A(). ' Ka)ily) - §(=A(y). p'Ka(y)uy)). (44)
SubstitutingP(r, x, y) = U(I1%(, X, y)7, X) we note that the derivatives relate

P.=U, (119  Px=U. -2kt + Uy  Py=U. 2l
Pux = Urr - 4121222 4 U - 2127 4+ Uy - 20l yq7 + Uy - 8117 + Uy
Pxy = Urr - 41210y7% + Uy - 2140y + Uy - 20l yy7 + Ury - 21y 7

Py = Ur - 4121577 + U, - 2177+ UL - 211y
Plugging this into (44) and dividing by, we derive the equation (24) by noting that

Us=Ux 5 Us_ @ 1 1 Uy x 1 1 2 o
U, U, 24%2 27 8 U, It 2 U Oy-u

The initial condition follows by observing that Vega varéshasr tends to zero:
Lemma 5.2. It holds thaty = Ty — uy — 0 uniformly on compacts as— O.

Proof. Choose the cylindeQy, in the layerLt such that the compact set is contained. Thusi €
CUPI22%5(Qr ) N C(Lt) implies thatu, and Uy ares/2-Holder continuous with some Holder constant c,
whence

|V(T’ X, y)| = |ﬂy(7’, y) - Uy(T, X, Y)|
< [ly(z.y) = By(0. )| + [Uy(z. X.y) — Uy(0, X, Y)| < 2¢r? — 0

ast — 0 sinceuiy(0, y) anduy(0, x, y) exist and are equal to zero by the definition of the initialdiions. O

Implied Volatility - Proof of the Main Theorem

Lemma 5.3(Second Price Comparison).Recall that u is the solution of the Cauchy problgi) andi of
the same problem with initial condition equal to zero. SigepthatP, P € C2(Q,,)NC(Qror), 0 <70 < T,
satisfy

P 2 P 2 (0(-A).'Kaly)) - A-A0). o' Kay).  in Quye (46)

P.<LP- %(G(—A(y),p’Ka(y)LTy) — §(=A(). p'Ka)uy)), in Qe (47)

T

IA
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as well as _
P>P>P on 10,70l xR?>NdQs,,, (48)

and
ﬁ(0’ X, y) = E(O’ X, y) = P(O’ X, y) = (l - eX)+

thenP > P> Pon Q.

Proof. We note that inequality (46) implie®(- P), > L(P - P) which implies together with the lateral
bound P — P) > 0 on ]Q 7o] X R? N dQ,, and the initial conditiorP(0, x,y) — P(0, x,y) = 0 thatP > P on
Q-,.r by the classical comparison principle. The second inetyialiproved in the same way. m|

Lemma 5.4 (Volatility Comparison). Suppose thal, | € C%?(Qy,r) N C(Qyor), 0 < 70 < T, satisfy

a(=A(Y). p'Kaly)ty) — §(=4(y). p'Ka(y)uy) )
K@y — W)

(¢12), < TLML+ 1261 + rqQy)LL, - 2ruy(pa(y)4(y) +

resp.

(%) > TTAMT+ 6T+ T, - 27Ty + T2~ S

K(@y — uy)
in Q. together with the lateral comparison
Imxy) < 1@ xy) <T(mxy)  on ]0,70] X RZNdQy,
and the initial growth condition
lim 12(r, x.y) = lim T2 (rxy) =0 on {0} xR2NQmy. (49)
Then it holds that
Imxy) <I@mxy) <T(mxy) in o Q.

Proof. Define firstP(r, x, y) := U(TZ(T, X, Y)7, X) andP(r, X, y) := U(1%(r, X, y)t, X). Then by the same calcu-
lation as in the derivation of the PDE (24) of the implied vility in the paragraph above we get

Pr 2 LP— 2 (0(-10). ' Kaly)i) - 8(-A0). p'Kalyw),  in Quyy

1

P, < LP— - (8(-A(y).p'Ka(y)Gy) - 8(-1(y).p'Kay)uy)). in Qeos

as well as the lateral boundary condition
P(r,xy) < P(r,xy) < P(r,xy) in Q..

Moreover, the growth condition (49) implies by the conttgwof U thatI_D(O,_x, y) = P(0, x,y) = P(0, x,y) =
(1-¢e9*. Thus we can use Lemma 5.3 to infer, x,y) < P(r,x,y) < P(r, x,y) in Q. and the strict
monotonicity of the functiorJ in the first component yields the result. m|

Proof of Theorem 2.12:
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Proof. Remark first that if there exists a solution to the PDE with edixed initial condition, it has to be
unique by the smoothness and strict monotonicityJofand the boundedness bforoven in Proposition
2.10) since otherwise the solution of the pricing PDE (Tkeoi2.9) would not be unique. By the same
reasoning we get alsb € C*#/226(Qg,) n C(Lt). Moreover, the eikonal equation (25) has a unique
viscosity solution as proved in [BBF04, Section 3.2]. Toyadhe theorem we will hence show that the
solution of the eikonal equation is the only possible ihiti@ndition, i.e. that any solution of the PDE (24)
has the eikonal equation as it's small time limit. More psety we will show that there exist parametrized
families of (time-independent) local super- and subsohgiof (24) which converge locally uniformly to
the eikonal equation. This is done quite similar as in [BBFBdction 3.4.], using an adapted vanishing
viscosity method. However, in our setting the bounds on tiatiity o enable us to simplify the proof and
circumvent some obscurities in the local volatility argurnien [BBF04].

Definel_g’é(x, y) for &, § > 0 as the solution of

(50)

o.

5=~ + (P26 + eA(n (%),
I—S,(S _ :
|aB(mr) -
whereB(m, r) is an arbitrary disk. We will show that far, §, € > 0 there exists a solution to this equation
and for fixedr and¢ there existeg > 0, 79 > 0 such that for all < ¢ < &g this is a supersolution of (24) in

Q:,.r- Moreover, we show thaf * 19 locally uniformly as we send figtand thens to zero.
First step: Making the change of variableg:= In (I_s’(s) one gets

(65 = (Tsﬁ)z(az(y)(ﬁ%)i +20r0a0)(=5) (5, + a%y)(%)j)
= 2(y)(L — X2 — 200 ()aly)X(L - X, + &)U =: Gw

and the equation (50) becomes .
{ 5= -4 GW+eAW;

which admits a solutiomnv € C#*#(B(m, r)) [LU68, Theorem 4.8.3] which is unique for Siciently smallr
[LUB8, Theorem 4.2.1].

Second StepBy the Holder property of the derivatives vzsvfresp.l_‘g’(S implying the boundedness of the
functions on the cylinder (as well as the boundedness, @nd Uy and the diferentiability ofd) we can
conclude that there exist constanisc, solely depending onsuch that

1 —E. —E
_ZTZ(I ’5)2g| o < Cl(r)T2
—£,0 . —€

TOMI™ < e

3(—-A(y), o’ Ka(y)ty) — §(=A(y), p'K —ebs
T( q(y)_zg( v).p <':1(yi<U(yt)jy _gl(jy ) v).p a(y)uy))I T < calryr

—eA(In (7)) < eca(r)
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in B(m, r). We can conclude that

(™)), =) = 6+ 107G +eA(n (™))
=

—£,0—&,0

=TT 4 (7G5 - TP e T,
=

_ored|ed a(=A(y), p’Ka(y)ly) — a(=A(y), p"Ka(y)uy)
Ty K(Ty — Uy)

+6 = (ca(r)r® + car)r + Ca(r)T + ca(r)),

thus for givens > 0 andr > 0 we can find indeed positive bounds & 79 such thal™ is a supersolution
of (24) for 0< & < & in Q. In the same way one proves that we getlfat of

{ 5= —(129)2 + (190)°GZ% + eA(In (15));
&0 _ -
I |OB(m,r) = g
subsolutions.

Third Step:Having now super- and subsolutions, we can (by sake of Pitogpo2.10) invoke now the
comparison principle Lemma 5.4 to conclude that

19906 y) < 1(mxy) < TO(xy) in Qo

for all 0 < & < &g, &g andrg chosen as above. Thus we have

179(x y) < liminf 1(r,x) < imsupl (v, xy) < (%, y).

70

Next we want to send to zero. Therefore we note that the families of solutid_J'?’\% I_&‘s are uniformly
bounded (by the constantgs v & and V5 A o as a consequence of the comparison principle [GTO1,
Theorem 10.7.(i)] applied to the equations in the log-\@eg) and equicontinuous in (since Holder-

continuous with the same Holder constants). Thus by thelAsAscoli theorem o0 converges along a

subsequence uniformly on compacts to some limit functior C%P(Q,,r)- This function is a viscosity
solution of the PDE

{ 5= )72+ (6%,

r -
|6B(m,r)_ g.

An analogous result holds true for the subsolutions. Nowdisgry — 0, this gives by the same argument a

solution of the PDE X

—_O =
I
which satisfied (0,y) = 0. Thus forr — 0, I (7, x,y) converges locally uniformly t6° which is nothing else

than the (by [BBF04, Section 3.2] unique) viscosity solntid the eikonal equation (25) with = x/1°. O

1
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